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The author presents a kinetic model describing the formation of new metastases by cancer stem cells in
premetastatic stem-cell niches induced by the factors produced by a primary tumor and already formed me-
tastases. The corresponding kinetics is analyzed by employing mean-field kinetic equations and Monte Carlo
simulations. In agreement with observations, the model predicts a long latent period with low rate of the
metastase growth followed by explosive increase in the number of metastases. The duration of the latent period
is found to depend on a multitude of rate constants characterizing various processes.
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I. INTRODUCTION

The understanding of the mechanistic details of cancer in
general and the formation of cancer metastases in particular
is still far from complete because the disease occurs on very
different time and length scales �from a single cell to mac-
roscopic tumors� and includes the interplay of a multitude of
factors. Often, the population of cancer cells is considered to
be uniform so that each cancer cell may cause the formation
of a metastasis. Recent experimental studies of human cancer
tumors in brain �1,2�, colon �3�, prostate �4�, and skin �5,6�
indicate however that metastases are formed by a small frac-
tion of cancer cells which, due to their properties, can be
qualified as cancer stem cells �see reviews �7–9��.

In analogy with normal stem cells �10,11�, cancer stem
cells seem to function in niches. Physically, the stem-cell
niches represent microscopic compartments formed of envi-
ronmental cells that nurture stem cells and enable them to
maintain tissue homeostasis. The cancer stem cells may use
niches of conventional stem cells �12�, or alternatively, tu-
mors seem to be able to produce factors that induce the for-
mation of premetastatic niches in organs where metastases
will ultimately develop �7–9�. For example, tumor cells can
generate premetastatic niches by recruiting hematopoietic
progenitor cells to home to tumor-specific premetastatic sites
and to form cellular clusters before the arrival of tumor cells
�13�. In another example, the primary tumors have been
found to induce expression of the inflammatory chemoattrac-
tants by lung endothelium and myeloid cells, which in turn
facilitates cancer cell colonization of premetastatic sites
within the lung �14�.

Numerous kinetic models describing various aspects of
cancer are focused mainly on the growth of a primary tumor
�see reviews �15–21��. The models of the formation of me-
tastases are available as well �see a brief review in Ref. �22��,
but the cancer-stem-cell issue is usually not addressed there.
The formation of metastases via cancer stem cells has re-
cently been simulated in our work �22� implying the exis-
tence of preformed premetastatic niches. In our present
study, we formulate a generic kinetic model describing the

formation of new metastases in premetastatic stem-cell
niches induced by the factors produced by a primary tumor
and already formed metastases.

II. MODEL

In our model, as already noted, the premetastatic stem-cell
niches, N, are considered to be formed via interaction of the
species �e.g., hematopoietic progenitor cells �13��, P, re-
cruited and/or emitted by a primary tumor and already
formed metastases, M �M includes the primary tumor�. The
rate of this process is proportional to the number of sites,
where the N formation is possible. In addition, this rate
should be dependent on the P concentration, c. We assume
that each P can induce the N formation, i.e., this process can
formally be represented as

P → N , �1�

and its rate is proportional to c.
Each N can be converted into M. This process is consid-

ered to be initiated by a single cancer stem cell �S�,

N + S → M , �2�

and its rate is proportional to the S concentration, C, outside
the primary tumor and metastases.

P and S are emitted by M,

M → M + P , �3�

M → M + S . �4�

In addition, we have degradation of P, S, and N,

P → � , �5�

S → � , �6�

N → � . �7�

The M degradation is neglected.
According to the scheme above, the N balance is deter-

mined by steps �1�, �2�, and �7�, and the equation for the
number of N is represented as*zhdanov@catalysis.ru
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dn/dt = kpc − kmnC − kdn , �8�

where kp and km are the rate constants of the formation of N
and M �steps �1� and �2��, respectively, and kd is the rate
constant of N degradation �step �7��. In reality, the
N-formation rate is proportional to the number of sites,
where this process is possible. In our model, this number is
included to kp. This can be done provided that the number is
large and its reduction due to the formation of metastases is
negligible.

The equation for the number of M is given by

dN/dt = kmnC . �9�

This number is defined so that N=1 corresponds to the pri-
mary tumor.

To operate with Eqs. �8� and �9�, we need the kinetic
equations for c and C. These concentrations are determined
primarily by the interplay of the P and S emission �by M�
and degradation �steps �3�–�6�� because these processes are
much more frequent than steps �1� and �2�. Neglecting the
latter steps, we obtain

dc/dt = reN − rdc , �10�

dC/dt = �eN − �dC , �11�

where re, rd, �e, and �d are the corresponding rate constants.
The time scale of the metastase formation is from one

year to a few years. On this time scale, the emission and
degradation processes described by Eqs. �10� and �11� are
rapid, and accordingly these equations can accurately be
solved by using the steady-state approximation as

c = reN/rd and C = �eN/�d. �12�

Substituting these expressions into Eqs. �8� and �9� yields

dn/dt = k1N − k2n − k3nN , �13�

dN/dt = k3nN , �14�

where

k1 � kpre/rd, k2 � kd, and k3 � km�e/�d. �15�

In combination with the initial conditions,

n�0� = 0 and N�0� = 1, �16�

Eqs. �13� and �14� form a mathematical basis of our model.

III. ANALYSIS

Equations �13� and �14� can easily be integrated numeri-
cally. From the tutorial point of view, it is instructive to note
that for biologically reasonable parameters Eq. �13� can be
solved using the steady-state approximation as

n = k1N/�k2 + k3N� . �17�

Substituting this expression into Eq. �14� results in

dN

dt
=

k1k3N2

k2 + k3N
. �18�

Integrating the latter equation, we obtain an approximate
analytical expression for the kinetics under consideration

k2

k1k3
�1 −

1

N
� +

1

k1
ln�N� = t . �19�

Equation �18� �or Eq. �19�� indicates that in general the
model predicts two qualitatively different regimes of explo-
sive kinetics. The first regime occurs if k3N�k2 �note that
N�1, and accordingly this condition is fulfilled if k3�k2�.
In this case, one can neglect k2 in the denominator of Eq.
�18� and get

dN/dt � k1N or N � exp�k1t� .

This exponential kinetics does not exhibit a latent period and
accordingly is not of interest in our context.

The second regime takes place when k3N�k2 �this con-
dition is fulfilled during the initial stage if k3�k2�. In this
case, one can neglect k3N in the denominator of Eq. �18� and
obtain

dN

dt
�

k1k3N2

k2
or N =

k2

k2 − k1k3t
.

This kinetics exhibits a latent period followed by a collapse
�N→�� at

t → t� � k2/�k1k3� . �20�

With increasing N, the condition k3N�k2 does not however
hold, one cannot neglect k3N in the denominator of Eq. �18�,
and eventually �at t� t�� the growth will be exponential.
Thus, t� can be considered as an estimate of the duration of
the latent period.

If k3�k2 and we use Eqs. �13� and �14� or Eq. �18�, the
model predicts �see below� in agreement with our analysis
above that the latent period �at t� t�� is followed by expo-
nential growth at t� t�.

Using expression �15� for k1, k2, and k3, we can represent
t� as

t� =
kdrd�d

kprekm�e
. �21�

This expression shows that the duration of the latent period
depends on the ratio of a multitude of rate constants charac-
terizing various processes and that the change in each rate
constant results in increase or decrease in this period.

One may ask: is there any chance that for some of the
parameters metastases can be inhibited? Formally, according
to our model, the response to this interesting question is “no”
because asymptotically �at t→�� the model always predicts
N→�. In reality, however, the situation is not so hopeless
even if we are limited by the framework of our assumptions
because, as already noted above, t� depends on a multitude of
rate constants and there are chances to increase it apprecia-
bly.

IV. EXAMPLES

In our model, the dependence of n and N on t is deter-
mined by Eqs. �13� and �14�. To show the typical kinetics
predicted by these equations, we should choose biologically
reasonable values of the rate constants k1, k2, and k3. As
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already noted, the time scale of the metastase formation is
about one year or longer. This means that k3 should be about
0.2 mon−1 �mon�month� or lower. For example, we use
k3=0.2 mon−1. The formation and degradation of premeta-
static niches are expected to occur faster, and we choose k1
=2 mon−1 and k2=10 mon−1. The results of integration of
Eqs. �13� and �14� with these parameters are shown in Fig. 1
by solid lines. The model is seen to predict a long latent
period with very low rate of the metastase growth followed
by explosive increase in the number of metastases. The du-
ration of the latent period is about 25 months. This value is
in perfect agreement with expression �20�.

Kinetics �17� and �19�, derived using the steady-state ap-
proximation �17� for n, are presented in Fig. 1 as well
�dashed lines� for comparison. The corresponding curves are
very close to those predicted by Eqs. �13� and �14�. This
means that the steady-state approximation for n is very good
�for c and C �expression �12��, the situation is similar�.

In addition to deterministic calculations �Fig. 1�, we have
performed Monte Carlo �MC� simulations of the kinetics cor-
responding to Eqs. �13� and �14� by using the standard
Gillespie algorithm. The stochastic kinetics �Fig. 2� is found
to be similar to the deterministic ones. The only new feature
in the MC runs is that there is a relatively broad distribution
of the duration of the latent period as shown in Fig. 3. Note
that the most probable value of the latent period, 26 months,
is close to the value, 25 months, predicted by expression
�20�. The distribution is however asymmetric, and the aver-
age MC value of the latent period, 44 months, is longer than
the most probable one by a factor of 1.7.

V. CONCLUSION

In summary, we have proposed a kinetic model describing
the formation of new metastases by cancer stem cells in
premetastatic stem-cell niches induced by the factors pro-
duced by a primary tumor and already formed metastases.
Despite its simplicity, the model predicts biologically reason-
able kinetics of the metastase formation �Figs. 1 and 2� in-
cluding a long latent period followed by explosive increase
in the number of metastases. These basic kinetic features are
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FIG. 1. �Color online� Deterministic kinetics of the formation of
metastases according to Eqs. �13� and �14� �solid lines� and Eqs.
�17� and �19� �dashed lines�.
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FIG. 2. �Color online� Three MC runs of the stochastic kinetics
of the formation of metastases. The data points are shown after each
change in N and/or n.

0 20 40 60 80 100
0.00

0.01

0.02

0.03

f

t
*

(months)

FIG. 3. Distribution of the duration of the latent period obtained
using 104 MC runs. The duration of the latent period was defined as
the time when N becomes to be equal to 200.
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much more realistic compared to those obtained with our
earlier model �22�.

Some other more specific features predicted by our model
help to understand what may happen in the cancer scenario
under consideration. For example, our analysis shows that
the duration of the latent period �Eq. �21�� depends on a
multitude of rate constants characterizing various processes.
This indicates that experimental identification of all the cor-
responding factors may be far from trivial.

Finally, it is appropriate to note that in order to articulate
the key ingredients of our present model we have deliber-
ately omitted many less important details. In reality, for ex-

ample, the sites, where the niche formation is possible, are
expected to be heterogeneous; the rate of emission of species
by metastases depends on the metastase size, etc. Many such
details missing in our present treatment can easily be incor-
porated into the model �some of them were included in our
earlier model �22��. Our analysis �not shown� indicates that
usually it does not change our conclusions above. This
means that as a rule there is a broad range of biologically
reasonable parameters where our conclusions hold. Of
course, the latter does not exclude finding new kinetic fea-
tures with introducing additional details.
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